We compute radiative corrections to nuclear reaction rates that determine the outcome of the Big-Bang Nucleosynthesis (BBN). Any nuclear reaction producing a photon with an energy above 2me must be supplemented by the corresponding reaction where the final state photon is replaced by an electron-positron pair. We find that pair prodution brings a typical 0.2% enhancement to photon emission rates, resulting in a similar size corrections to elemental abundances. The exception is 4 He abundance, which is completely insenstive to the small changes in the nuclear reaction rates. We also investigate the effect of vacuum polarisation on the Coulomb barrier, which brings a small extra correction when reaction rates are extrapolated from the measured energies to the BBN Gamow peak energies.
I. INTRODUCTION
Precise values of nuclear reaction rates are sometimes required in astrophysics and cosmology. While most of the applications belong to the stellar nucleosynthesis and solar neutrino physics, the one distinct cosmological application where precise nuclear physics is required is the Big-bang Nucleosynthesis (BBN). Developments of the last two decades, with an independent input of the baryon-to-photon ratio from the Cosmic Microwave Background (CMB) anisotropies, paired with advances in observational extraction of the deuterium and helium abundance [1] [2] [3] , have contributed to the rise of the standard cosmological model of the Universe. Further progress in refinement of BBN may only come from the combination of advances in CMB, more precise observations of primordial abundances, and %-level determination of nuclear rates.
Quantitatively, the BBN has entered an era of precision, since measurements on 4 He [3] abundance have now reached a 1.6% precision (at one standard deviation). Furthermore, current measurements of deuterium abundances [2] have reached an unprecedented 1.2% precision. The total yield of 4 He is essentially set by the neutron-to-proton ratio at the time of BBN that is mainly controlled by the weak interaction rates, while the feedback from other elements is small. Many subtle effects, including radiative corrections, have been taken into account in Ref. [4] to reach a 0.1% theoretical precision on the weak rates. At the moment, the main source of theoretical uncertainty in the weak rates is the neutron lifetime which is used as a proxy to estimate the strength of the weak interactions. The incomplete decoupling of neutrinos prior to the reheating of photons by electronspositrons annihilations leads to a slight modification of the energy density in neutrinos [5] [6] [7] [8] , which in turn affects the neutron abundance via the modification of the * pitrou@iap.fr † mpospelov@perimeterinstitute.ca
Hubble expansion rate and flavour-specific distortions of the overall neutrino abundance.
Only traces amounts of other elements are left at the end of BBN, and their final abundances are quite sensitive to the nuclear rates of the whole network of reactions. The most relevant nuclei produced during BBN are deuterium (D), 3 He, 3 H, 7 Li and 7 Be 1 . Reaching a percent level predictions for key nuclear reactions is highly desirable in the context of precise BBN predictions for these elements. In most cases, direct measurement of the reaction rate in experiment is performed, with some key reaction rates now being known down to ∼ 5% accuracy. Theoretical ab-initio approach has also been successful. For a long time, theory determination of n + p ↔ D + γ rate has been more accurate than the corresponding experimental measurement (see, e.g. Ref. [9] for the nuclear effective theory approach to this rate), and the corresponding errors are at a sub-% percent level. A significant theoretical progress has also being achieved in a more complicated rates for the D+p and D+n fusion processes [10] .
Until now, the radiative corrections to nuclear rates have been ignored in the compilation of the BBN reaction networks. The goal of the current paper is to give the quantitative assessment of radiative corrections to the nuclear BBN rates, and determine the resulting shift in the yield for the main elements. There are two types of contributions that we need to consider: i. Replacement of an on-shell photon with a lepton pair, ii. Virtual excitation of the electron-positron vacuum, modifying the Coulomb interaction of nuclei. There are several simplifying conditions that would allow us to perform this evaluation without having to treat unknown nuclear matrix elements. Such conditions include a possibility of making a reliable multipole expansion, as the wavelengths of real/virtual photons are much larger than the charac-teristic nuclear size, λ γ R N . The second simplifying condition is that the kinetic energies of incoming particles participating in the reactions are much smaller than the characteristic Gamow energies, E E G , and all reactions occur in the Coulomb-suppressed regime.
An important class of BBN reactions involves a onshell photon, with energy E γ > 2m e . Then, there exists a reaction where this photon is virtual, and decays into a lepton pair [11, 12] . In other words, instead of a reaction N 1 +N 2 → N 3 +γ, one could always have N 1 +N 2 → N 3 + e + e − reaction. Importantly, for reactions in which the cross section is measured by detection of the real photon, this extra channel is necessarily ignored and the inclusion of the final state pair will raise the total N 1 + N 2 → N 3 rate. We shall evaluate in section II this correction for the rates
Notice that for 7 Be + p → 8 B + γ reaction the energy release is not sufficient to produce a pair. In principle, there are also various cross channels for these reactions, N 3 + e + e − → N 1 + N 2 , and N 3 + e ± → N 1 + N 2 + e ± . In practice, these are going to be less important than the electron-positron production reactions, as at most relevant temperatures, T < 100 keV, the abundance of electrons and positrons in the thermal bath is quite small.
Insertion of electron-positron loop inside a virtual photon is another way the radiative corrections tend to manifest themselves. For a nuclear reaction among charged particles at E E G , the Coulomb repulsion is very important. In the static approximation, this radiative effect modifies the Coulomb potential to what is known as the Uehling-Serber potential [13] [14] [15] . This potential -rather than a simple Coulomb r −1 form -should be used in calculating the penetration factors. If the cross sections are measured at exactly the same range of energies relevant for the BBN reactions (i.e. Gamow peak energies), then the effect of Uehling-Serber potential is already accounted for in the measured cross section. If, however, one needs to extrapolate nuclear rates in energy (from the energy of the measurement to the Gamow peak) and precision is required, such an extrapolation must be done using the expression for the penetration factors in the Uehling-Serber potential. In the following, we shall consider how this effect modifies the penetration factor of the key reaction (1b) (section III).
Note that in principle there are additional types of radiative corrections. For instance bremsstrahlung from one of the charged reacting nuclei may in principle be taken into account. However, for a nucleus with nonrelativistic kinetic energy E K and mass M , such effect is typically suppressed not only by the fine structure constant α FS but also by powers of E K /M . Similar suppressions would apply to any additional "structural" photons, emitted from the nuclear transitions inside a nuclear reaction. With typical kinetic energies (MeV of sub-MeV) this can be safely disregarded.
Finally, the implications for the freeze-out elemental abundances at the end of BBN are given in section IV.
II. PAIR PRODUCTION REACTIONS

A. Notation
We review in detail the pair production corrections to reaction (1a), as we want to compare the relative importance of the photon and the pair producing reactions
Throughout with use the particle physics metric signature (+, − − −). We note the electron and positron momenta p 1 and p 2 , the deuterium momentum is P , and the sum of the initial neutron and proton momenta is P . The electron, proton, neutron and deuterium masses are respectively m, m p , m n , m D . The average nucleon mass is taken to be m N ≡ (m n + m p )/2. k is either the photon momentum or the sum of the electron and positron momenta (k = p 1 + p 2 ), depending on the reaction considered, such that in all cases from momentum conservation on has P = P + k. Finally, µ is the photon polarization vector. Throughout our calculations we put and c to one.
B. E-type and B-type transitions
We work in the Coulomb gauge for which the vector potential is only spatial for a reference observer whose four-velocity is u, that is · u = 0. In the rest frame of the reference observer, u µ = δ µ 0 and we split the photon momentum (be it real or virtual) into frequency and spatial momentum as
In practice, we use the center-of-mass rest frame to define the reference observer. We further define the magnitude of the photon wave-vector q and its direction n i , that is q i = qn i with n · n = 1. The transition matrix of the γ reaction is necessarily of the form
where J µ ≡ (J 0 , J i ) is the nuclear transition current. Given gauge invariance, it satisfies the transverse condition
We now consider that J µ can be expanded in powers of ω/|p N | (or q/|p N |), where p N is the typical spatial momentum of the nucleons inside deuterium. This amounts to assuming that the typical wavelength of photons 2π/ω is much larger than the typical size of the deuterium nu-
where B D is the deuterium binding energy, and the typical energy of the emitted photon is B D , our expansion is in fact in powers of B D /(2m D ) 0.025. At lowest order in this expansion, J i can be separated into electric and magnetic dipole contributions as
in which d i (resp. m i ) is the electric (resp. magnetic) dipole of the nuclear transition. Note that by construction J 0 = d i q i and B i q i = 0. Eqs. (6) can be recast in covariant form as
Physically, this is equivalent to considering either a coupling to the Faraday tensor polarisation or its dual, since
When averaging over all spins and directions, results can only depend on the magnitude of momenta. Hence we can always replace
We use a similar property and definitions for the magnetic dipole. We use this arrow notation whenever the expression is reduced using this angular average.
C. Photon producing reaction
If we now compute |M| 2 for the photon process, we get
With minimal algebra we find
noting that the parity considerations prevent interference terms in the angularly averaged matrix elements.
D. Pair producing reaction
For the pair producing reaction, we treat J µ A µ as a vertex inside usual Feynman rules,
where
Defining E 1 = p 1 · u and E 2 = p 2 · u and using angular averaging rules (9), we get
E. Ratio of rates Ultimately, the cross sections of n + p → D fusion are corrected by
where the ratio of the pair producing and photon producing rates is found from
and is the function of reaction energy E K . The phasespace elements are
with [dp] ≡ d 3 p/(2E p ). Since the electric and magnetic dipoles contribute separately, there is a ratio as defined in (16) for each case.
We choose to work in the center-of-mass frame in which P µ = Eu µ , where E is the total initial energy. Furthermore, we also use an infinite deuterium mass expansion. This is equivalent to expanding the results in power series of 1/m D , by expressing all energies with respect to the deuterium mass, and then considering only the lowest order term in such expansion. Physically, it corresponds to ignoring deuterium recoil. Hence, in the photon producing case, the available energy E a goes entirely in the emitted photon and we can use
where E K ≡ E − m n − m p is the center-of-mass kinetic energy of the initial neutron-proton pair. The integral over phase space for the reference photon reaction is then simply
As for the pair producing reactions we find
where we used the invariant mass m 2 2D ≡ (p 2 + P ) 2 . Integrating on the range of allowed values for this invariant mass, we find the differential ratios
Further integrating on the allowed values 4m
leads to
In these expressions, E is the complete elliptic integral of the second kind, and K is the complete elliptic integral of the first kind 2 .
F. Analytic approximation of ratios
In addition to the infinite deuterium mass approximation, one can also consider a limit of energy release being much larger than the electron mass, E a m e . Expanding expressions from previous subsections in small 2m e /E a , we arrive at These approximations, along with the result of the direct numerical integration of (16) without using an infinite deuterium mass approximation, are depicted in Fig.  1 . Note that the leading logarithmic terms in (23a) and (23b) has the same coefficient. It is model-independent, as the answer for the pair-production in this limit is dominated by a quasi-real photon. (16) without approximation is depicted in thick lines, and the analytic approximations (23a) and (23b) are in thin lines.
G. Comparison with literature
Our results can be compared with the approach of [11] . However note that in this reference, a factor 2 is missing in front of the last term of Eq. (6), hence there is a missing factor 2 in front of the R L term in its Eq. (9). The validity of Eq. (9) in [11] is restored if one alters the definition for the definition of R L by adding an extra factor 2.
With this convention, we follow [11] in defining the transverse and longitudinal components of the ratios as
wherek i is the unit vector in the direction of the spatial momentum of the virtual photon.
Our modelling (7) of the electric and magnetic dipoles corresponds in the infinite deuterium mass approximation to
and from kinematics |p 1 +p 2 |/ω = √ 1 − x in the notation (21) .
It is found in Eq. (10) of [11] , that the subleading constant for R T = 1 and R L = 0 is −11/6 [in units of 2α FS /(3π)]. Since our electric dipole parameterisation contributes to R E L = 1, it brings a subleading constant contribution, hence the slightly different constant −5/3 found in (23a). Furthermore the subleading constant in (23b) is also different from −11/6, even though R B L = 0, due to the non-constancy of R B T in our magnetic dipole parameterisation.
Note that more generally, if
H. Reference rates
It is well known that in the n + p → D + γ reaction, at low energy the contribution of the magnetic channel is enhanced due to the resonance close to threshold. Therefore, in order to know what the absolute correction of the BBN rates due to pair-production is, one needs to know how σ (γ) splits into the electric and magnetic components. While this calculation has been finessed over the years, we would use a simplified approach of "zero range approximation" for the nuclear potential (see e.g. section 58 of [16] ), that results in σ (γ) within 10% from a more accurate answer.
Photo-dissociation rates are the sum of electric and magnetic dipole contributions
where [Eqs. 58.4-58.7 of [16] ]
with E s=0 0.067 MeV the energy of the unstable spin zero state of deuterium. The proton and neutron magnetic moments are µ p = 2.793µ N and µ n = −1.913µ N where the nuclear Bohr magneton can be written as
From detailed balance, they are related to the corresponding fusion rates by
The cross sections for the reactions with pair production are estimated using (22a) and (22b):
I. Average over thermal distributions
In a thermalised plasma, the cross section must be averaged over the thermal distribution of relative velocities between neutrons and protons in order to obtain interaction rates. The general expression is Performing the thermal average of reference rate σv (γ) by applying (32) to Eqs. (29a) and (29b), we observe a rather good agreement with results of Ref. [9] , especially at low energies. Combining the reference cross section [ (30) with (29)] with the corrective factors (22) as specified by (31), we are in position to estimate the magnitude of the pair production corrections to the rates. The results are depicted in Fig. 2 . A fitting formula in the range 0.05 < T 9 < 5 is It is easy to see that at high temperatures the relative size of the correction is sub-%, while at lower temperatures, where magnetic transition dominates, it drops to below 10 −3 level.
J. Pair production for other reactions
For all other reactions, the magnetic dipole contribution is subdominant. Hence, knowing the cross section for the photon emission reaction, we just need to multiply it by the electric dipole corrective factor (22a) to get to the pair-production rate. An important subtlety is that the pair-production correction needs to be applied to rates that had their cross sections measured via the detection of photon. The cross section of the reaction of p + D → 3 He + γ is the prime example of that, as it is measured in Ref. [17] via the final photon. This also applies to reaction 3 H + p → 4 He + γ in Ref. [18] , and to the most precise measurements of 3 H + 4 He → 7 Li + γ reaction [19] .
On the other hand, as reviewed in Ref. [20] , experiments for the 3 He + 4 He → 7 Be + γ reaction rely mainly on resulting 7 Be activity (see also Ref. [21] ). Therefore, the total rate is measured, including the radiative correction. Hence, we should not include the pair production correction to the reaction 3 He + 4 He → 7 Be + γ. Furthermore, since we are interested in corrections to the thermally averaged rates, one should in principle estimate the correction to the thermally averaged rates by applying (32) to the corrected cross-sections. Given the size of the corrections, we find it sufficient to multiply the thermally averaged rates of the photon producing reactions by the corrective ratios (22a) evaluated at the most relevant kinetic energy for a given temperature and reaction (i.e. Gamow peak energy). For two nuclei with Z 1 and Z 2 proton number and reduced mass µ = uA 1 A 2 /(A 1 + A 2 ), it is given (see Ref. [22] ) by
For the photon emission reactions relevant for BBN, the corrections at T 9 = 0.8 are reported in Table I . Evidently it affects mostly reactions with larger Q values, since a larger available energy brings larger values for the logarithms of Eq. (23a). Even the largest correction in this table is still below the current errors for the corresponding photon emission reaction rates.
III. VACUUM POLARIZATION CORRECTIONS
Vacuum polarisation modifies the Coulomb potential, and this affects how cross-sections are extrapolated in energy when taking into account the Gamow penetration factor. We find that this is relevant for the reaction (1b) and we detail in this section how and when this must be taken into account. We follow Ref. [15] which applied these corrections in the context of solar nuclear reactions.
Let us consider two charged nuclei 1 and 2 with charges Z 1 and Z 2 and reduced mass µ. The Coulomb potential is
The Uehling-Serber potential [23, 24] is an additive correction which takes into account electron vacuum polarisation, that is fermionic loops in the photon propagator. The total potential takes thus the form V = V C + V U with
The Uehling function is given by
Usually, nuclear reaction cross sections take the form
with a smooth S(E) factor. In the semiclassical treatment, the multiplicative Gamow penetration factor is related to the electrostatic potential by
where b is the turning point defined by the classical bareer
The penetration factor can be expressed with the Sommerfeld parameter
since after performing the integral in (39) we get
In Ref. [15] it is shown that taking into account the Uehling-Serber potential translates into a modification of the Gamow penetration factor by
Function ∆(E) is evaluated by switching the order of integration. The y-integral can be performed analytically, leaving us with one numerical integral over x,
with the definition in terms of a Bessel function of the first kind J(z) ≡ πI 0 (z) exp(−z). The correction (43) is plotted in Fig. 3 for the reaction (1b) . Cross-sections that are evaluated at energies different from the most likely energy (the Gamow peak), must be extrapolated to the relevant energy range,
The most precise measurement of reaction (1b) was performed at energies smaller than the BBN Gamow peak. Theoretical extrapolations to the BBN energy range was done with the method described in [25] , which consists in using mainly the reliable low-energy data [17] and the theoretical model [10] . PRIMAT [4] uses the results of the most recent [26] which implements this type of approach with Bayesian statistics. The energy range of the main source of statistics comes from the measurements of [17] which span 3 keV < E K < 20 keV. On Fig. 3 we note that this is precisely the range of values for which the function ∆(E) is nearly constant. Hence we choose to evaluate this function at the value E meas = 15 keV. In order to subsequently estimate how this correction affects the thermally averaged rates of reaction (1b), we can evaluate it at the most likely energy (34), so that again that once we can use reliable data in the range E K = 100 − 200 keV, as should be available in the future [27] , then this correction would no longer need to be taken into account.
IV. EFFECT ON BBN
We now review the effect of the corrections discussed in the previous sections on elemental abundances at the end of BBN. For any photon emission reaction, the reverse rate is obtained using detailed balance, as explained in detail in section 4.2 of Ref. [4] . This is also the case for the pair-production reactions since electrons and positrons are always at thermal equilibrium with photons during BBN. Hence one can compute the sum of the photon and pair producing reactions, and then obtain the sum of the backward rates from the very same detailed balance relation. To summarise, if the forward rate is increased, the backward rate is increased by the same amount so as to always satisfy the detailed balance conditions.
Note that when considering reactions with electronpositron pairs, one should also consider in principle 2 → 3 reaction
These reactions turn out to be negligible for the following reason. The initial electron or positron needs to bring not only the necessary binding energy, but also the final rest mass of the electron or positron. If a photon needs only E γ = B D to dissociate deuterium, an electron would need B D + m e . Hence at energies T m e , from the thermal equilibrium distribution of electrons, one deduces that the reaction is suppressed by a factor exp(−m e /T ) compared to the photon dissociation reaction. Since nucleosynthesis really starts only below T 100 keV, this is an additional prohibitive suppression factor. The argument can also be made for the reverse rate, and in that case the suppression factor comes from the low probability of having the three body reaction, since this brings an extra factor ∝ n e /T 3 ∝ exp(−m e /T ). The effect on BBN of all corrections discussed in the previous is summarised in Table II [4] . The second column takes into account the effect of pair production in photon producing processes, and the third column also includes the Uehling potential corrections to reaction (1b). Variation of 4 He is insignificant.
Conclusion
Radiative corrections from pair production have a relative size set by the prefactor α FS /π. In the limit of the energy release being much larger than 2m e , the pairproduction radiative correction is completely fixed by the photon emission cross section. In reality, this limit does not hold for most of the reactions, and we model the corresponding nuclear EM transition vertex by the simplest electric dipole form. Most of the photon producing reaction rates are indeed dominated by electric dipole transitions, and are easily corrected by a universal function. Synthesis of deuterium is a notable exception, where at lowest energies the reaction is dominated by a magnetic transition. In the limit of zero recoil, we give complete analytic expressions for the pair-production corrections induced by E1 and M 1 nuclear transitions, and correct some mistakes (or typos) in the original reference [11] . Finally, the Uehling-Serber potential creates a finite correction to the Gamow penetration factor, and it needs to be taken into account if the nuclear rates involve extrapolation in energy.
Having evaluated the radiative corrections to nuclear rates, we determine the resulting change in the BBN predictions. The radiative-correction-induced shifts to freeze-out abundances are small, below a percent level, and are summarized in Table II . Nevertheless, expected progress in CMB physics, observations of deuterium, nuclear physics measurements of the relevant rates, as well as in ab-initio calculations of nuclear reactions, may make even sub-% shifts relevant in the future. The abundance of 4 He is very insensitive to the change in nuclear rates, and thus the impact of radiative corrections on helium abundance is totally negligible.
